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Harmonic-based analysis and resynthesis of musical instrument tones, for example,
using the phase vocoder method, is a valuable technique, but its data representation is
very large. However, this data set is usually highly redundant. Principal components
analysis (PCA) can be used to encode such data into a smaller set of orthogonal basis
vectors with minimal loss of information. Techniques for applying PCA to such data are
explored, and the aural impact of the method on three tones (cello, trombone, and clarinet)
are studied in two perception experiments. Results show that nearly identical resyntheses
can be produced with a 40—70% data reduction. A preprocessing step called variable-
duration temporal partitioning (VDTP) is introduced, which also affords a natural-sound-

ing method for time expansion and contraction of tones. An extension of the PCA tech-

nique is also introduced that implements a “timbre space,

”

or coordinate system for

interpolation among a group of musical instruments.

0 INTRODUCTION

Harmonic-based analysis and resynthesis (additive
synthesis) of musical instrument tones has been a staple
of timbre research since the 1960s [1]—[3]. It remains
a popular tool for researchers and musicians because of
the good balance it obtains between effective parametri-
zation of timbre features and faithfulness of resynthesis.
Two frequently cited shortcomings of the technique are
its computational costs at resynthesis time and its con-
sumption of computer storage space (usually more than
the raw samples of the original source sound). Advances
in digital signal processing and computer hardware are
gradually improving the former problem [4], [5], and
the outlook for additive synthesis as a practical replace-
ment for the more restrictive control of sampling synthe-
sizers now seems promising. The problem of storing
such a representation in memory remains, however, as
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well as the difficulty of delivering such data to a real-
time algorithm swiftly enough (throughput). An effec-
tive method of keeping additive synthesis data sets as
small as possible is therefore desirable.!

Fig. 1 provides a illustration of the amplitude portion
of an additive synthesis data set, using a small set of
values invented for the purpose of demonstration. We
can observe in these data a feature characteristic of most
additive synthesis data sets, the fact that the amplitude
envelopes are highly correlated. Less easy to appreciate
in this graphic but nonetheless also characteristic is the
correlation of spectra over time, that is, the profile of
amplitudes for the 15 partials at a given point in time
is highly correlated to many other such profiles in the
event. Both kinds of correlations indicate that the data
are highly redundant, that is, that the same information is

! We are assuming here that the advantages of preserving
fundamental representation of additive synthesis outweigh the
fact that a greater data reduction may be achieved with alterna-
tive techniques. i
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represented multiple times in the event with only minor
variations. Attempts to discover just what can be elimi-
nated, while retaining the most desirable aspects of the
sound, has been a focus of a number of research efforts.

1 DATA REDUCTION OF ADDITIVE SYNTHESIS
DATA '

1.1 Previous Research

A number of approaches have been taken to reduce
the size of additive synthesis data sets, although most
of them can be categorized as either envelope-reduction
or wavetable-interpolation techniques. Both approaches
seek to identify where actual values of the original data
can be substituted with much simpler, algorithmically

generated data such that the resulting loss in detail is-

perceptually negligible. Envelope reduction techniques
treat the data as a set of partials with amplitude envel-
opes, and approximate the functions of each partial with
a series of straight lines and break points. Since only
the break points are saved, a great deal of data reduction
is obtained. Pioneering research in this area was done
by Risset and Mathews [6], who demonstrated that a
trumpet tone could be represented in this fashion with
no appreciable loss in quality. Later Grey [7] produced
a large set of very realistic sounding instrument tones
in this manner. However, both projects involved the
fitting of line segments completely “by hand” and trial
and error. Subsequent research has gone in the direction
of seeking a more automated process. Schindler [8] sug-
gested a more hierarchic organization of the problem,
whereas Strawn [9] provided a detailed algorithm. for
arriving at the segments computationally. Charbonneau
[10] suggested a reduction by averaging envelopes to-
gether, whereas Kleczkowski [11] offered a more for-
malized version of a similar idea called group additive
synthesis. Kleczkowski’s idea was further expanded by
Eaglestone and Oates [12] by the addition of hierarchical
clustering analysis on the set of amplitude envelopes.

15 10
Time Frames
Fig. 1. Amplitude portion of additive synthesis data set (artifi-
cially constructed for illustration). Data consist of 15 time-

varying amplitude envelopes, one for each partial, each with
20 time frames. :

1014

PAPERS

Wavetable-interpolation techniques address the addi-
tive synthesis data from another orientation, viewing the
data as a set of spectral envelopes, one at each time
frame. Here the event is broken up into a series of spec-
tral slices where actual changes can be replaced by
smooth transitions from one spectrum to another. Such
systems are described in brief reports by Sasaki and
Smith [13], Bowler [14], and Schwartz [15], whereas a
more extensive and carefully explored wavetable-inter-
polation scheme is described in Serra, Rubine, and Dan-
nenberg [16], [17]. Horner, Beauchamp, and Haken [18]
present a method of reducing the number of wavetables
by a genetic algorithm.

While some of these methods take into account the
redundancy of the data in the process of selecting what
information to discard, none of them identify or act on
the redundancy in an ideal manner. Principal compo-
nents analysis (PCA), a procedure of multivariate statis-
tics [19], -is a tool that systematically identifies redun-
dancy and offers a method for redistributing the data
such that unnecessary replication is eliminated. In this
paper we describe how PCA can be applied to additive
synthesis data sets to obtain a data reduction in this
manner. We also explore the quality of resynthesis ob-
tainable following such data reduction in two formal
perception experiments, and we note some of the possi-
ble side benefits that PCA offers for timbre researchers.

1.2 Principal Components Analysis

PCA as a statistical technique was first described in
Hotelling [20], who applied it to the scoring of intelli-
gence tests. We shall describe it heuristically here in the
context of additive synthesis data. Details for imple-
menting PCA computationally are given in the Appen-
dix. PCA’s essential task is to reduce a correlated matrix
of data to a set of orthonormal basis functions, which
is done by calculating the eigenvectors of the matrix of
the correlation coefficients of the original data. This
encodes the original data into a form in which the corre-
lated input is redistributed more efficiently into a smaller
number of orthogonally related functions. From this data
set a likeness of the original data can be constructed.
The reconstruction is such that the sum of the mean-
square differences between the original and recon-
structed data set is systematically minimized, meaning
that only a small amount of the original variance is lost.
The amount of variance that can be restored is in inverse
proportion to the amount of data reduction that is
achieved, so a balance may be struck in order to meet
the needs of data reduction and accuracy. .

Consider a spectrotemporal amplitude matrix X, . »y
(1 v consisting of N partials (in columns) and M time
points (in rows). At each time m the N partials can be
considered as the coordinates of a point in N-dimensional
space. Consider all the times m for only three partials
N plotted against each other in a three-dimensional space
U the axes of which we call u;, u,, and u;. As time
progresses, the point will trace out a pattern, and because
the signals are well correlated, this pattern will tend
to concentrate in some particular area. We project this
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pattern onto the original data, that is, for each time m
we calculate (u) * Xp,y ) + (U * Xpmyp) + (U * Xy
3p- This amounts to a rotation of coordinate axes to a
new set of axes Y with columns y,, y,, and y;. If the
rotation is chosen such that the y, axis (which is called
the principal axis) lies in the direction along which most
of the variance in the data matrix is observed, then the
x, signal will contain most of the information about u,,
uy, and u;. The axes are subsequently rotated to yield
¥,, which accounts for the residual variance remaining
from the previous stage; this is continued again for y;.
The three y values eventually account, in decreasing
amounts, for 100% of the variance of X. If X is highly
correlated, then y, will account for a very large propor-
tion of this variance. Consequently, discarding the x,
and x; signals and reconstructing the data set from x,
alone will result in a minimum error with respect to the
original data set. Thus a likeness of the original data is
reproduced from a representation that is a little over one-
third the size of the original data set.

PCA yields two matrices of data, called scores (or
basis vectors) and weights; the scores and the weights
together comprise the principal components (PCs). The
relationship between the scores, weights, and input data
and the values Y, X, and U in the previous explanation
is shown in Fig. 2. The scores are the result of a matrix
multiplication between the input data and the PC
weights. In this example the scores will resemble ampli-
tude trajectories and the weights spectral envelopes. The
weights specify by what magnitudes each of the scores
must be multiplied in order to arrive at the reconstruc-
tion. The principal components are ordered so that the
first captures the largest portion of the variance of the
population of envelope shapes, whereas subsequent
scores capture decreasing amounts of variance. The orig-
inal data are reproduced perfectly only when all principal
components are used (100% of the variance is accounted
for). It is assumed, however, that for additive synthesis
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Fig. 2. Matrix-algebra illustration of relationship between in-
put data, scores, and weights.

EVALUATION OF MUSICAL TIMBRES

data sets, less than 100% variance is necessary to make
the tone perceptually indistinguishable from the original,
or at least, to make the differences musically acceptable.
Later in the paper we shall show just how many PCs are
required to achieve these two goals.

At this point it is necessary to introduce a number
of terms, summarized in Table 1, which will be used
throughout the paper. The fact that the additive synthesis
matrix can be in two possible orientations creates two
important possibilities for the way in which PCA is ap-
plied to it. So far we have described additive synthesis
matrices in temporal orientation, that is, N partials in
columns and M time frames in rows, as in the preceding
example. PCA treats the N partial amplitude envelopes
as the variables to be measured, or variates, and their
M time-varying amplitudes as cases, individuals, or ob-
servations on those measures.? PCA gives as output (1)
a set of scores representing the variance of the envelopes
as a set of orthogonally related basis functions, and (2)
a set of weights giving the multiplying factors to shape
the envelopes to the proper spectrum envelope. We call
this temporal PCA. When the PV A3 matrix is in spectral
orientation, on the other hand, the M time frames are
in columns, and their N partial amplitudes are in rows.
Now PCA treats the time frames as the variates and their
partial amplitudes as observations. PCA gives as output
(1) a set of scores representing the variance of the spec-
tral profiles as a set of orthogonally related basis func-
tions, and (2) a set of weights giving the multiplying
factors to shape the spectra to the appropriate amplitude
at each point in time. We call this spectral PCA.

Figs. 3 and 4 illustrate both types of PCA as applied
to the data shown in Fig. 1. The left column of Fig. 3
simply redisplays the amplitude envelopes of each of
the partials (here limited to eight to simplify the illustra-
tion) of the event shown in Fig. 1. To the right of this,
in four columns, are four different reconstructions of
the event employing 1, 2, 3, and 4 principal components,
respectively. We refer to the practice of reconstructing

% The terms variates and observations are in common cur-
rency in statistics as it is practiced in the behavioral sciences.
We adopt them here as a syntax for explaining PCA indepen-
dent of a particular rows and columns orientation. When we
do refer to rows and columns, we follow most statisticians and
software implementations in associating columns with variates
and rows with observations; readers accustomed to the opposite
association should read with caution.

3 PVA is an abbreviation of phase vocoder analysis, a form
of additive synthesis data.

Table 1. Terms used in application of PCA to additive synthesis data.

Input Matrix Columns Rows
PCA input Variates Observations
PVA matrix orientation
Temporal Partials Time frames
Spectral Time frames Partials
Type of PCA

Temporal PCA

(input matrix in temporal orientation)
Spectral PCA

(input matrix in spectral orientation)

envelopes

Scores resemble partial amplitude

Scores resemble spectra

Weights resemble spectra

Weights resemble partial amplitude
envelopes
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a data set from principal components as PC resynthesis.
Above each column are the principal components them-
selves—the scores above and the weights below. The
scores consist of 20 discrete points (the number of time
frames) and the weights comprise eight points (the num-
ber of partials). Consider the first column, the resynthe-
sis with one principal component. The score for this
principal component seems to have captured the two
“bumps” (one near the attack, one near the decay) that
are most apparent in partials 4 through 8. The eight
amplitude envelopes are in fact this shape duplicated
eight times at various magnitudes according to the eight
values given in the weights. We see from the weights
that this shape is only weakly weighted.for partials 1
through 3, but strongly weighted for partials 4 through
8. The score for the second principal component appears
to capture the broader bump (halfway through the tone),
characteristic of partials 1 through 3, and we see from
its weights that it is emphasized for those three partials.
The solution for the second principal component con-
‘'sists, again, of the score duplicated eight times over
according to the magnitude of the weights, but added to
the solution arrived at for the first principal component.
Each successive PC resynthesis is in fact cumulative in
this manner. A given principal component can only be
factored in once all the principal components below it
in number have been factored .in. We see that by the
third PC already the eight partials have come to resemble
the original data set. PCs 3 and 4 add further refine-
ments, perhaps to account for idiosyncrasies of particu-
lar partials. For example, principal component 3 seems
devoted to sharpening up the early spike in partial 5,
whereas principal component 4 seems devoted to putting
an indentation midway through partial 3.

Fig. 4 shows the way PCA is applied to the spectral
orientation of the data set. Again the original data are
shown running down the left column, as a series of
spectral slices over time. Each of four resyntheses, em-
ploying 1, 2, 3, or 4 principal components, is shown in
separate columns to the right. Above this group are the
set of PCs associated with each solution. Each of the
scores has 15 points (the number of partials) whereas
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Fig. 3. Illustration of temporal PCA using data set shown in
Fig. 1.
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each of the weights has 20 points (the number of time
frames). Consider the first column of the four resynthe-
ses, a resynthesis with one principal component. The
score seems to have captured the average spectral shape
of the first five partials or so, and neglected partials six
and above. The 20 spectra of the resynthesis are in fact
this shape duplicated 20 times at various magnitudes ac-
cording to the 20 values given in the weights. We see
from the weights that this shape is strongly weighted at
the beginning one-third of the duration of the event, and
weakly weighted thereafter, reflecting the fact that partials
1 through 5 rise and fall over this time period. The score
for the second principal component appears to capture a
similar trend, but applied to partials 3 through 5, and over
a different time course (that is, an early, broad bump, as
seen in the corresponding weights). The score for PC 3
seems devoted to adjustments to the first and fifth partials
during the attack portion of the tone. We see again that
by the third PC already the 20 partials have come to resem-
ble the original data set.

We note in these illustrations that PCA calls attention
to certain “organizational” features of the tones, which
may be less easy to appreciate in their original additive
synthesis form. For example, Fig. 3 showed that the
event could be characterized by one trend (PC 1) with
narrow bumps at the beginning and end of the tones,
and another trend (PC 2) with a broad bump in the mid-
dle. The correspondence of principle components to such
acoustic features suggests that PCA obtains an analysis
similar to that provided by Kleczkowski [11]. Strictly
speaking, however, the correspondence is fortuitous.
For musical tones containing large amounts of spectro-
temporal flux the principal components will have to ac-
count for the variance of such a large number of features
that its organizational properties will be less easily ap-
preciated by eye.

The value of the PCA procedure as a data-reduction
tool is perhaps best appreciated by viewing the eigen-
values for the two solutions we have just observed (see
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Fig. 4. Illustration of spectral PCA using data set shown in
Fig. 1.
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